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Extracting macroscopic properties of a system from microscopic interactions has always been an
interesting topic with the most diverse applications. Here, we use the quantum Boltzmann equation
to investigate the density matrix evolution of a system of nucleons. Using the quantum field theory
tools for constructing the density matrix operators and calculating the interactions is the main
advantage of this equation. The right-hand side of this equation involves forward scattering and
usual collision terms. As examples of application, we calculate the standard Bloch equations for
the nucleon system in the presence of a constant and an oscillating magnetic field from the forward
scattering term. We find the longitudinal and transverse relaxation times from the collision term
by considering the nucleon-nucleon scattering.
PACS numbers:
I. INTRODUCTION
Nuclear magnetic resonance (NMR) is an important tool with many applications in different domains ranging
from materials science to fundamental physics. NMR is a spectroscopy branch that can be used to measure the
separation between two energy levels of a system. The accuracy of the measurement will increase considerably when
the resonance of an applied radio-frequency (rf) field with the Larmor precession of the magnetic moments around a
constant magnetic field is fulfilled. The motion of a system’s magnetic moment in a uniform magnetic field can be
described either by a set of classical or quantum mechanical equations [1]. According to the quantum theory, one can
describe an ensemble of free spins by introducing a density matrix operator ρˆ. In the basis of two energy eigenstates
|+〉 (spin-up) and |−〉 (spin-down), the density operator becomes a 2 × 2 density matrix ρ with 3 independent
Stokes parameters through which the Bloch vector is constructed [1]. The master equation typically gives the time
evolution of ρ. By writing the interaction Hamiltonian of the nucleon system with a magnetic field in the matrix form,
substituting it into the master equation, one finds the system of torque equations that describe the Bloch vector’s
evolution. However, the ideal torque equation changes due to the interaction of the spin system with the environment.
The environmental noise induces two kinds of changes to the Bloch vector known in the literature as longitudinal
relaxation (T1 process) and transverse relaxation (T2 process). The longitudinal relaxation is concerned with the
change of the diagonal element of the density matrix or equivalently the Bloch vector’s longitudinal component. The
transverse relaxation is concerned with the decay of the off-diagonal (coherence) elements of the density matrix.
Including both processes, the Bloch vector’s time evolution is given by a set of phenomenological equations called
Bloch equations [2].
Several many-body theories have been developed during recent years to describe the relaxation processes quanti-
tatively and calculate the T1 and T2 times [3]. We introduce a new method to calculate the relaxation times using
the quantum Boltzmann equation (QBE) in this work. This equation is a powerful tool to study the effects of the
system’s microscopic interactions with the environment on its mesoscopic time evolution. The QBE for photons has
been developed by [4] and [5–9] in the context of the cosmic microwave background. The QBE has also been studied
in great detail for a system of fermions in [10]. For this latter case, it is crucial to understand well the polarization of
a fermion gas and its underlying classical description. However, there have been very few studies about the impacts
of the forward scattering (FS) on fermion systems. To our knowledge, the only known example is flavor oscillations
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2of neutrinos in the matter. It is shown that FS is responsible for refractive effects such as the MSW effect [11] and
[12]. In QBE, we use quantum field theory (QFT) techniques to define the density operator and calculate the mi-
croscopic interactions. Quantum field theory is an essential tool for the quantum mechanical description of processes
that involve many-particles. The polarization matrix ρrs will be a central object in QBE. It is given by taking the
expectation value over the number operator Dˆ that is defined by multiplying a creation and an annihilation operator.
The number operator counts the number of particles in a given state in the Fock space. In QBE, the density operator
is defined using the number operator Dˆ, so it basically contains all information about the system. Another advantage
of using QBE is the following. On the right-hand side of this equation, there are the forward scattering and colli-
sion terms written in terms of the commutators of the effective interaction Hamiltonian and the number operator.
The first term on the right-hand side of QBE describes FS, and the second term describes non-forward interactions.
From these terms, we will be able to calculate the microscopic interaction of the system with the environment using
the standard QFT techniques. Accordingly, after taking the expectation value, QBE relates the evolution of the
macroscopic quantities that are in the density matrix to the microscopic interactions. The Forward and non-forward
scattering terms are active during mesoscopic and microscopic time-scales. The dynamics of the classical system is
evaluated during the mesoscopic time-scale. In this paper, we calculate the relaxation times using the techniques of
QBE. The calculation method will be as follows. We consider a system of fermionic particles (nucleons) and assume
that they interact through electromagnetic force. We also assume that an external magnetic field has been applied
to this system. Under these conditions, the nucleon-nucleon scattering amplitude is calculated. After taking the
non-relativistic limit, we decompose the scattering amplitude into the spin-spin and spin-orbit parts. Inserting these
terms into the collision term of the QBE, we will calculate a system of coupled equations describing Bloch vectors’
time evolution. By comparison these equations with the phenomenological equations obtained by Bloch [13], we read
the longitudinal and transverse relaxation times. Few papers have calculated the relaxation times using a scattering
approach [14–16]. The advantage of our approach is that one can explicitly determine the microscopic origin of re-
laxation times. The following sections will discuss the relation between spin-spin and spin-orbit interactions with the
longitudinal and transverse relaxation times. Our results can be applied to the systems containing monatomic gas
with slow relaxation.
The paper is organized as follows: In section II, we will review and develop the basic structure of QBE for fermions.
Using this equation, In section III, we introduce a new interpretation of the NMR effect based on the FS of nuclei
from a background magnetic field. In section IV, we calculate the relaxation times from the collision term of the
QBE, and in section V their magnitudes are estimated by considering a typical system of nucleons. We summarize
and conclude in Section VI. We have also added two appendices, A and B, to extend the application of QBE to the
forward scattering off fermion from axions and neutrinos.
II. QUANTUM BOLTZMANN EQUATION
QBE governs the evolution of the density matrix for a gas of fermions out of equilibrium. Here, we first set up a
density matrix corresponding to a system of fermions. We consider an ensemble of spin-1/2 particles called system
S. The macroscopic properties of the system emerge by taking the expectation value of the density matrix. This
quantity has a central role in QBE and is constructed as follows. We first write the Fourier transform of the quantum
spinor field as
ψ+(x) =
∫
d3p
(2pi)3
mf
p0
∑
r
[
br(p)ur(p)e
−ik·p + b†r(p)u¯r(p)e
ik·q] , (1)
and
ψ¯−(x) =
∫
d3p
(2pi)3
mf
p0
∑
r
[
br(p)ur(p)e
−ik·p + b†r(p)u¯r(p)e
ik·q] , (2)
where mf is the fermion mass, ur is the free spinor solution of the Dirac equation with spin index r = 1, 2 and br(p)
(b†r(p)) is the fermion annihilation (creation) operator obeying the canonical commutation relation{
br(p), b
†
r′(p
′)
}
= (2pi)3
p0
mf
δ3(p− p′)δrr′ . (3)
The density operator that describes the system of fermions is given by
ρˆ(f) =
∫
d3p′
(2pi)3
ρ
(f)
ij (p
′)b†i (p
′)bj(p′) , (4)
3where ρ
(f)
ij is the fermion polarization matrix that describes the macroscopic properties of the system. The expectation
value of a typical operator Aˆ can be extracted from ρˆ(f) as〈
Aˆ(k)
〉
= tr
[
ρˆ(f)Aˆ(k)
]
=
∫
d3q′
(2pi)3
〈q′|[ ρˆ(f)Aˆ(k) |q′〉 . (5)
In particular, the expectation value of fermion number operator Dˆ(f)ij (k) = b†i (k)bj(k) is given by〈
Dˆ(f)ij (k)
〉
= (2pi)3δ3(0)
k0
mf
ρ
(f)
ij (k) , (6)
where k0 is the energy of fermions. The polarization matrix ρ(f) of a system of non-relativistic fermions can be
parameterized using 4 Stokes parameters or Bloch vectors, and the representation of the SU(2) group [1, 10, 17]. We
write
ρ(f) =
1
2
(
I + σ · ζ(f)
)
=
1
2
(
1 + ζz ζx + iζy
ζx − iζy 1− ζz
)
, (7)
where I is the identity matrix, σi are the Pauli spin matrices, ζz, ζx and ζy are the components of the Bloch vector.
The diagonal elements of the polarization matrix are called the populations. In particular, ζz shows the difference in
spin state populations indicates net longitudinal spin polarization or the system’s magnetization along the direction
of the external magnetic field.
The number operator Dˆ(f)ij (k) evolves according to the following equation [10, 18]
d
dt
Dˆ(f)ij (k, t) = i
[
Hint(t), Dˆ(f)ij (k)
]
− 1
2
∫ ∞
−∞
dt
[
Hint(t),
[
Hint(0), Dˆ(f)ij (k)
]]
, (8)
where we have introduced an effective interaction hamiltonian Hint(t) that describes the interaction of the fermion
fields with a set of background fields. In general, Hint(t) is defined in terms of the S-matrix element. For a given
scattering process, we first write the corresponding S-matrix element and then calculate Hint(t) as the following form
S(given scattering process) = −i
∫
dtHint(t) . (9)
It is also important to note that the above equation has been obtained using the Markov approximation in which the
timescale of the environment is taken to be much shorter than the timescale of the system so that the memory effects
of the environment are negligible in the long run. We now take the expectation value of both sides of equation (8)
and arrive in the following equation called quantum Boltzmann equation for fermions [10, 18]
(2pi)3δ3(0)
k0
mf
d
dt
ρ
(f)
ij (t) = i
〈[
Hint(t), Dˆ(f)ij (k)
]〉
− 1
2
∫ ∞
−∞
dt
〈[
Hint(t),
[
Hint(0), Dˆ(f)ij (k)
]]〉
. (10)
The first term in the right-hand side of the quantum Boltzmann equation (10) is known as the forward scattering
term, and the second term is known as the collision term [4, 10, 18]. We will show that the froward scattering term
is responsible for the NMR effect. From the collision term, we will extract the longitudinal and transverse relaxation
times. In the following, we first study the froward scattering term and show that the NMR effect is due to the forward
scattering of the nucleon with a background electromagnetic pulse. This effect causes the Bloch vectors to depart
from thermal equilibrium. However, over a sufficiently long time, the thermal equilibrium state will be gradually
re-established due to the relaxation. We will calculate the relaxation times from the electromagnetic interaction of
the nucleon with nucleon surroundings.
III. NMR EFFECT FROM FORWARD SCATTERING TERM
We consider a system of the nucleons on which an external static magnetic field and a time-dependent, circularly
polarized magnetic field are applied. The NMR phenomena rely on the interaction of the nuclear spin with the
radio-frequency field. In general, the time evolution of this system’s magnetization is given by a system of equations
called Bloch equations after Felix Bloch [13]. Here, we will discuss that the Bloch equations can be extracted using
the QBE formalism and the notion of the forward scattering of radiation from nucleons.
4FIG. 1: The Feynman diagram for a fermion in an external magnetic field.
The nucleon interaction with an external electromagnetic field is shown in Fig. 1. This scattering process is
described by the following effective interaction Hamiltonian
Hint = qN
∫
d3x ψ¯(x)γµψ(x)A˜µ(x) , (11)
where qN is the electric charge, ψ(x) is spinor of nucleon and A˜µ is the background electromagnetic field. Using the
Gordon identity [19], one can decompose the interaction Hamiltonian as
Hint =
qN
2MN
∫
d3x
{[
iψ¯(x)∂µψ(x)− i∂µψ¯(x)ψ(x)] A˜µ(x) + 1
2
ψ¯(x)σµνψ(x)F¯µν(x)
}
, (12)
where MN is the neucleon mass and F¯
µν is the background electromagnetic strength tensor. The second term in
equation (12) describes the interaction of a nucleon with an external magnetic field. This term is spin-dependent and
in a non-relativistic limit, gives the magnetic field interaction with the magnetic moment of the nucleon. For the
process shown in Fig. 1, the interaction Hamiltonian is read as
Hint =
qN
4MN
∫
d3x ψ¯−(x)σµνψ+(x)F¯µν(x) , (13)
where ψ¯− and ψ+ are linear in creation and absorption operators of nucleons respectively as shown in Eqs. (1) and
(2). It is also assumed that F¯µν(x) is spatially uniform. We now plug Hint into the forward scattering term of the
equation (10) and using the Fourier transforms (1) and (2) we find
i
〈[
Hint(t), Dˆ(f)ij (k)
]〉
=
iqf
4mf
∑
rr′
∫
d3x dpdp′u¯r′(p′)σµνur(p)F¯µν(t)ei(p−p
′)·x
×
〈
b†r′(p
′)br(p)b
†
i (k)bj(k)− b†i (k)bj(k)b†r′(p′)br(p)
〉
, (14)
where
dp =
d3p
(2pi)3
MN
p0
. (15)
The expectation values needed here are calculated using the Wick’s theorem as below〈
b†r′(p
′)br(p)b
†
i (k)bj(k)
〉
' p
0k0
M2N
(2pi)6δ3(p− k)δ3(k− p′) δri ρ(N)jr′ (k) . (16)
On using the above expectation value and taking the integration over x, p and p′ one simplifies the forward scattering
term and plugging into the Boltzmann equation (10) it follows that
(2pi)3δ3(0)
k0
MN
d
dt
ρ
(N)
ij (t) = i(2pi)
3δ3(0)
∑
rr′
M(r, r′)
[
δri ρ
(N)
jr′ (k)− δjr′ ρ(N)ri (k)
]
, (17)
where M(r, r′) is the the scattering matrix element of the process that is given by
M(r, r′) = qN
4MN
u¯r′(p)σ
µν F¯µν(t)ur(p) , (18)
5where Fµν is the Fourier transform of the electromagnetic strength tensor. The spinor ur(p) is the solution of the
free Dirac equation [19]
ur(p) =
( √
p · σ χr√
p · σ¯ χr
)
, (19)
where σ¯µ = (1,−~σ) and χr is the two-component spinor. We take the non-relativistic limit and find the scattering
amplitude in the form
M(r, r′) = −χTr′ µN ·Bχr , (20)
where T in the upper index means transposition, Bi = −ijkF˜ jk/2 is the external magnetic field. In this expression,
µN denotes the nucleon magnetic moment
µN = gN
qN
2MN
s , (21)
where s is the spin operator and gN is the nucleon gyromagnetic ratio. The nuclear spin is placed in an external
constant magnetic field B0 = B0zˆ and a periodic radio-frequency field Brf(t) rotating in the clockwise direction and
oriented as follows
Brf(t) = Brf(xˆ cosωt− yˆ sinωt) . (22)
It is also assumed that the magnetic field B is homogeneous and time-independent. Most NMR experiments require
that the magnetic field be extremely homogenous and stable with respect to the time. Employing a superconducting
magnet can provide such a homogeneous and stable magnetic field. The experiment also needs a radio-frequency field
with a very well-defined frequency. The total magnetic field is
Beff(t) = Brf xˆ cosωt−Brf yˆ sinωt+B0zˆ , (23)
and therefore the scattering amplitude becomes
M(r, r′) = −χTr′ µN · (Brf xˆ cosωt−Brf yˆ sinωt+B0zˆ) χr . (24)
Therefore, using this expression in equation (17) yields
ρ˙
(N)
ij =
i
2
∑
r′r
χTr′σ · (xˆ ωR cosωt− yˆ ωR sinωt+ zˆ ωL)χr
(
δirρ
(N)
r′j (k)− δr′jρ(N)ir (k)
)
, (25)
in which we have defined the Larmor and the Rabi frequencies as follow [20]
ωL = gN
qN
2MN
B0 , ωR = gN
qN
2MN
Brf . (26)
The evolution equations for ζ
(N)
i in the laboratory frame is given by
ζ˙(N)x = ωR sinωt ζ
(N)
z − ωLζ(N)y , (27)
ζ˙(N)y = −ωR cosωt ζ(N)z + ωLζ(N)x , (28)
ζ˙(N)z = −ωR sinωt ζ(N)x + ωR cosωt ζ(N)y . (29)
In the presence of the constant and time-dependent magnetic field, the equation of motion associated with the Bloch
vector ζ(N) can be represented by the following classical equation
ζ˙(N) = −µN ζ(N) ×Beff(t) , (30)
where µN is the magnetic moment of nucleon
µN = gN
qN
2MN
. (31)
In forward scattering, no energy and momentum are exchanged between the system and the environment. It turns out
that the forward nucleon scattering with an applied magnetic field only causes the rotation of the nucleon polarization.
60 10π 20π 30π
1.0
0.5
0.0
0.5
1.0
ωt
ζ z ϵ=10-3, ωR=0.1
ϵ=5, ωR=0.2
(N
)
FIG. 2: The oscillation of z component of the Bloch vectors for a radiofrequency field in the resonance condition where the
difference between Larmor frequency and radiofrequency (ω) is negligible in comparison with Rabi frequency (ωL − ω  ωR)
and off-resonance condition ωL − ω  ωR.
Actually, as (30) shows, forward scattering acts like a torque upon the nuclei. ζ˙(N) is driving by torque and ζ(N)
therefore precesses in a cone around the direction of Beff.
To find an analytical solution for ζ
(N)
x , we first eliminate the time-dependent of the magnetic field by defining two
new Stokes parameters ζ
(N)
+ and ζ
(N)
− in the following form(
ζ
(N)
+
ζ
(N)
−
)
=
(
cos(ωt) sin(ωt)
sin(ωt) − cos(ωt)
)(
ζx
ζy
)
. (32)
This is equivalent to use a coordinate system that rotates about the z-direction at frequency ω. In such a coordinate
system, Bef will be static. Using the new basis, the system of differential equations is simplified as
ζ˙
(N)
− = ∆ω ζ
(N)
+ + ωRζ
(N)
z , (33)
ζ˙
(N)
+ = −∆ω ζ(N)− , (34)
ζ˙(N)z = −ωR ζ(N)− . (35)
where ∆ω = ω − ωL. Now, taking the time derivative of equation (33) and using the equations (35) and (34) we find
a second order ordinary differential equations for ζ
(N)
− decoupled from ζ
(N)
z and ζ
(N)
+ as
d2ζ
(N)
−
dt2
= −ω2R
[
1 + 2
]
ζ
(N)
− , (36)
where  = ∆ω/ωR. Solving this differential equation gives the following oscillatory solution
ζ
(N)
− (t) =
1√
1 + 2
ζ(N)z (0) sin
(
ωR
√
1 + 2 t
)
, (37)
where ζ
(N)
z (0) is determined before imposing the external field Brf. Then we plug this solution into (35) and (34) and
find ζ
(N)
z and ζ
(N)
+ in the following form
ζ(N)z (t) =
1
1 + 2
ζ(N)z (0)
[
cos
(
ωR
√
1 + 2 t
)
+ 2
]
, (38)
and
ζ
(N)
+ (t) =

1 + 2
ζ(N)z (0)
[
cos
(
ωR
√
1 + 2 t
)
− 1
]
. (39)
In the condition that  << 1, the ζ
(N)
z oscillates with the Rabi frequency ωR
ζ(N)z (t) = ζ
(N)
z (0) cos(ωRt) . (40)
7q q’
p’p
FIG. 3: The Feynman diagram for nucleon-nucleon scattering.
The red curve in figure 2 shows ζ
(N)
z (t) for  = 10−3 and ωR = 0.1. In this case, one can find the maximum oscillation
amplitude. This is the condition that is known as resonance. Deviation from this limit reduces both oscillation
amplitude and period. The blue-dashed curve in figure 2 shows the ζ
(N)
z (t) for the case that  = 5 and ωR = 0.2.
This analysis is fully compliant with Rabi Oscillation in NMR [20].
The NMR signal is feeble and contains different sources of noise contributions. So far, we have investigated the
forward scattering of nucleons with a background of electromagnetic radiation. The resulting equations (29)-(28)
are a set of macroscopic equations that describe the Bloch vector or nuclear magnetization as a function of time. It
would also be quite interesting to explore some extensions and modifications of equations (29)-(28) by considering the
forward scattering of nucleons with other backgrounds such as fermions and pseudo-scalar particles. In appendices A
and B, we consider two further examples of the forward scattering of nucleons with axion-like particles and neutrinos,
respectively. In appendix A, we will derive the equation of Bloch vector’s motion for a system of nucleons that interact
with a time-dependent background of the axion field. In appendix B, we will consider the interaction of nucleons with
neutrinos.
IV. CALCULATING THE SCATTERING TERM: DERIVING RELAXATION TIMES
In this section, we turn to the scattering term on the right-hand side of QBE. It should be noted that the precession
of ζ
(N)
z (t) doesn’t go on forever. There is a mechanism known as relaxation that relaxes the longitudinal and transverse
components of the Bloch vectors. It is usually convenient to parameterize this mechanism using two phenomenological
parameters known as longitudinal relaxation time T1 and transverse relaxation time T2 (the spin dephasing time) [3].
They are responsible for modeling the drifting of the longitudinal and the transverse component of the magnetization
towards their thermal equilibrium values. The extension of the Bloch equations by relaxation terms are given in the
following form
M˙ (N)x = µN
[
M(N) ×B
]
x
− 1
T2
M (N)x (41)
M˙ (N)y = µN
[
M(N) ×B
]
y
− 1
T2
M (N)y (42)
M˙ (N)z = µN
[
M(N) ×B
]
z
− 1
T1
[
M (N)z −M (N)eq
]
(43)
where M
(N)
eq is the magnetization in the equilibrium condition and the Stokes parameters ζ
(N)
i is related to the
magnetization M
(N)
i of a system involving N fermions in the following form
M
(N)
i = Ngf
qf
2mf
ζ
(N)
i . (44)
In the large relaxation time limit, T1 = T2 =∞, one recovers of standard equation (35)-(34) induced by the forward
scattering term. Here, we assume that the relaxation mechanism is due to the nucleon’s scattering from its surrounded
particles, which are massive nucleons. Therefore, the Bloch vector’s time evolution equations will explicitly include
8new terms due to the interaction with the environment. Accordingly, we write a new effective interaction Hamiltonian
describing this scattering and substitute it into the second term on the right-hand side of the Boltzmann equation
(10). We compare these new terms with the phenomenological equations (42)-(43) and read the T1 and T2. The
scattering of a free nucleon from another free nucleon is described by the single Feynman diagram shown in Fig. 3.
For this process, we write the corresponding S-matrix element and then find the effective interaction Hamiltonian
using the equation (9). The following Hamiltonian effectively describes the interaction
Hint(t) = q
2
N
∫
d3xd4x′ ψ¯−(x)γµψ+(x)Pµν(x− x′)φ¯−(x′)γνφ+(x′) , (45)
where we have assumed that both nucleons have the same electric charge and Pµν(x−x′) is the conventional Feynman
propagator for the photons
Pµν(x) = −i
∫
d4k
(2pi)4
gµν
k2 + i
e−ik·x , (46)
and φ(x) is the spinor field of the surrounding fermions (nuclei) that is given in terms of creation and annihilation
operators as
φ¯−(x) =
∫
d3q
(2pi)3
mf
q0
∑
s
d†s(q)U¯s(q)e
iq·x , (47)
φ+(x) =
∫
d3q
(2pi)3
mf
q0
∑
s
ds(q)Us(q)e
−iq·x , (48)
where Us(q) is a spinor defined as (19), mf is the mass of the fermions, d
† and d are the fermions creation and
annihilation operators satisfying the following canonical commutation relation{
ds(p), d
†
s′(q
′)
}
= (2pi)3
q0
mf
δ3(q− q′)δss′ , (49)
and the expectation value of creation and annihilation operators are given as
〈d†s′(q′)ds(q)〉 =
q0
mf
(2pi)3δ3(q− q′)ρ(f)ss′ (q) , (50)
and
〈d†s′1(q
′
1)ds1(q1)d
†
s′2
(q′2)ds2(q2)〉 =
q01q
0
2
m2f
(2pi)6δ3(q1 − q′1)δ3(q2 − q′2)ρ(f)s1s′1ρ
(f)
s2s′2
+
q01q
0
2
m2f
(2pi)6δ3(q1 − q′2)δ3(q2 − q′1)ρ(f)s′2s1(q2)
[
δs2s′1 − ρ
(f)
s2s′1
(q1)
]
, (51)
where ρ
(f)
ij is the polarization matrix of the surroundings (environment). In the presence of an external magnetic
field, the spin of fermions interact with the magnetic field. In this case, the spin is fully aligned in the direction
of the magnetic field. However, when T 6= 0, thermal fluctuations impede the system from fully aligning with the
magnetic field. The degree of alignment can be quantified by the magnetization ρ
(f)
11 (q)−ρ(f)22 (q). The number density
of fermions in the bulk is also given by ρ
(f)
11 (q) + ρ
(f)
22 (q) = n(q). In the same way, the expectation values of the
operators associated with the nucleon system is given by
〈b†r′1(p
′
1)br1(p1)b
†
r′2
(p′2)br2(p2)〉 =
p01p
0
2
M2N
(2pi)6δ3(p1 − p′1)δ3(p2 − p′2)ρr′1r1(p1)ρr′2r2(p2)
+
p01p
0
2
M2N
(2pi)6δ3(p1 − p′2)δ3(p2 − p′1)ρr′2r1(p2)
[
δr2r′1 − ρr2r′1(p1)
]
. (52)
The interaction Hamiltonian (45), in principle, involves spin-orbit and spin-spin interaction terms. To decompose
these interactions we employ the Gordon identity in (45) and write
Hint(t) =
qnqf
4mfMN
∫
d3xd4x′
[
iψ¯−(x)∂µψ+(x)− i∂µψ¯−(x)ψ+(x) + 1
2
∂α
(
ψ¯−(x)σµαψ+(x)
)]
× Pµν(x− x′)
[
iφ¯−(x′)∂νφ+(x′)− i∂ν φ¯−(x′)φ+s (x′) +
1
2
∂β
(
φ¯−(x′)σνβφ+(x′)
)]
. (53)
9The Fourier transform of Hamiltonian is obtained by substituting (1), (2) , (47) and (48), into (53). Therefore, after
taking integrating over x and x′ the resulting interaction Hamiltonian in Fourier space is
Hint(t) =
∫
dpdp′dqdq′
∑
r,r′,s,s′
e−i(p
0+q0−p′0−q′0)tM(pr, p′r′, qs, q′s′)
× (2pi)3δ3(p+ q− p′ − q′)b†r′(p′)br(p)d†s′(q′)ds(q) , (54)
where M is the scattering amplitude
M(q′s′, p′r′, qs, pr) = qnqf
4mfMN
[
(p+ p′)µu¯r′(p′)ur(p) +
i
2
(p′ − p)αu¯r′(p)σµαur(p)
]
× gµν
(p− p′)2
[
(q + q′)νU¯s′(q′)Us(q) +
i
2
(q′ − q)βU¯s′(q)σνβUs(q)
]
, (55)
and we use the following abbreviations
dp =
d3p
(2pi)3
MN
p0
, dq =
d3q
(2pi)3
mf
q0
. (56)
We are interested in the non-relativistic limit in which the spinors are expanded as in the following
ur(p) '
(
χr
σ.p
2MN
χr
)
, (57)
where, χr and χ
′
r are the two-component spinors and σ are the Pauli matrices. Applying this approximation, the
expressions within the brackets of equation (55) are simplified as
u¯r′(p
′)
[
p′0 + p0 + iσ0α (p′α − pα)
]
ur(p) ' χ∗r′
(
MN +
p′2
2MN
+
p2
2MN
)
χr + χ
∗
r′
iσ ·Q× p
2MN
χr′ , (58)
and
u¯r′(p
′)
[
p′j + pj + iσjα (p′α − pα)
]
ur(p) ' χ∗r′
[
2p′j +Qj + i (Q× σ)j
]
χr , (59)
where Q = p′ − p = q′ − q is the transfer momentum. Finally, after taking the low-energy limit the matrix elements
associated with the spin-orbit and spin-spin terms are given in the following form
Mspin-orbit = qfqN
{
χ∗r′
[
iσ ·Q× p
4M2N |Q|2
− iσ ·Q× q
2mfMN |Q|2
]
χrχ
∗
s′χs + qfqNχ
∗
r′χrχ
∗
s′
[
iσ ·Q× p
2mfMN |Q|2 −
iσ ·Q× q
4m2f |Q|2
]
χs
}
,(60)
and
Mspin-spin = qfqN
4mfMN |Q|2 (χ
∗
r′iσ ×Qχr) · (χ∗s′iσ ×Qχs) . (61)
One can also check that our results for (60) and (61) are consistent with [1]. Accordingly, the interaction Hamiltonian
(54) consists of two parts
Hint = Hspin-orbit +Hspin-spin . (62)
Now, we substitute the interaction Hamiltonian into the scattering term of QBE (10) and using (16) and (51) we
take the expectation value. In general, the collision term can be decomposed in the following non-zero two scattering
terms
Cij(k, t) = Cspin-orbitij (k, t) + Cspin-spinij (k, t) , (63)
where
Cspin-orbitij (k, t) = −
1
2
∫ ∞
−∞
dt
〈[
Hspin-orbit(t),
[
Hspin-orbit(0), Dˆ(N)ij (k)
]]〉
, (64)
Cspin-spinij (k, t) = −
1
2
∫ ∞
−∞
dt
〈[
Hspin-spin(t),
[
Hspin-spin(0), Dˆ(N)ij (k)
]]〉
. (65)
In the following, we evaluate all the scattering terms Cspin-orbitij and Cspin-spinij and study their impacts on the relaxation
and dephasing times, individually.
10
A. Spin-orbit interaction
Substituting Hspin-orbit in (64), using the expectation values (51) and (52) and after taking the integration over p
′
and q′ we find
Cspin-orbitij (k, t) =
−pi
4
∫
dqdp
mf
E(−k+ p+ q)δ
(
E(−k+ p+ q) + k0 − E (q)− E (p)) ∑
spins
Mspin-orbit(1)Mspin-orbit(2)
×
{
δs1s′2ρ
(f)
s′1s2
(q)δr1r′2
[
δir2ρ
(N)
r′1j
(k) + δjr′1ρ
(N)
ir2
(k)
]
− 2δs2s′1ρ
(f)
s′2s1
(−k+ p+ q)δir2δjr′1ρ
(N)
r′2r1
(p, t)
}
, (66)
where the argument of the matrix elements indicates the subscript to be attached to all dependent variables. Using
(60) and (66) we get
Mspin-orbit(1)Mspin-orbit(2) = q2fq2N
{
−χ∗r′1
iσ · p× k
4M2N |Q˜|2
χr1χ
∗
s′1
χs1χ
∗
r′2
iσ · p× k
4M2N |Q˜|2
χr2χ
∗
s′2
χs2
+ χ∗r′1
iσ · p× k
4M2N |Q˜|2
χr1χ
∗
s′1
χs1χ
∗
r′2
iσ · Q˜× q
2mfMNQ˜
2χr2χ
∗
s′2
χs2
+ χ∗r′1
iσ · Q˜× q
2mfMN |Q˜|2
χr1χ
∗
s′1
χs1χ
∗
r′2
iσ · p× k
4M2N |Q˜|2
χr2χ
∗
s′2
χs2
+ χ∗r′1
iσ · Q˜× q
2mfMN |Q˜|2
χr1χ
∗
s′1
χs1χ
∗
r′2
iσ · Q˜× q
2mfMN |Q˜|2
χr2χ
∗
s′2
χs2
}
, (67)
with Q˜ = p− k. We now insert (67) into the scattering term (66) and take the integration over p. Moreover, using
this fact that in the non-relativistic limit, that |q|  mf , we can further simplify the expressions in (65) by expanding
the Dirac delta function and the energy E as in the following form
E(−k+ p+ q) ≈ mf
(
1 +
|q|2
m2f
+
|Q˜|2
m2f
+
q · Q˜
m2f
+ · · ·
)
, (68)
and
δ
(
E(−k+ p+ q) + k0 − E (q)− E (p)) ≈ δ(E(p)− E(k)) + q · Q˜
mf
∂
∂E(p)
δ(E(p)− E(k)) . (69)
By substituting (67) in (66) and using (68) and (69) we find the time evolution of density matrix
ρ˙
(N)
ij (k) = − q2fq2N
pi
8M4N
∫
dqdp δ (E (k)− E (p)) 1
Q˜
4
{
n(f) (q) ρ
(N)
ij (k) |p× k|2
− n(f) (q+ p− k)
∑
rr′
ρ
(N)
r′r (p)
[
χ∗jσ · (p× k)χr
]
[χ∗r′σ · (p× k)χi]
}
− q2fq2N
pi
2m2fM
2
N
∫
dqdp δ (E (k)− E (p)) 1
Q˜
4
{
n(f) (q) ρ
(N)
ij (k)
∣∣∣Q˜× q∣∣∣2
− n(f) (q+ p− k)
∑
rr′
ρ
(N)
r′r (p)
[
χ∗jσ ·
(
Q˜× q
)
χr
] [
χ∗r′σ ·
(
Q˜× q
)
χi
]}
, (70)
where for the surrounding fermions (environment) we set ρ
(f)
11 (q) + ρ
(f)
22 (q) = n
(f)(q).
In the presence of an external constant magnetic field B0, it is expected that the spin system reaches the thermal
equilibrium with its surroundings. In this situation, for the diagonal part of the polarization matrix, the ratio of ρ
(f)
11
and ρ
(f)
22 is given by the Boltzmann law [21]
ρ
(f)
11
ρ
(f)
22
=
exp(−βE1)
exp(−βE2) , (71)
11
where β = 1/kT with k denoting the Boltzmann constant, E1 is the energy of the ground state |1〉 with a spin
aligned in the direction of B0 , and E2 is the energy of the excited state |2〉 with a spin aligned in the opposite
direction of B0. Introducing the Boltzmann factor in (71) indicates that there is a larger population in state |1〉. The
off-diagonal components are known as the coherence. They represent the transverse spin magnetization, i.e., a net
spin polarization perpendicular to the external magnetic field. Accordingly, the density matrix elements for a system
of Nuclei are weighted by transition rates Wi [21]. For a two level system the transition rate from the state |1〉 to the
state |2〉 is W1 and from |2〉 to |1〉 is W2. Therefore, elements of the density matrix is defined by
ρ(N) =
(
W1ρ11
1
2Wρ12
1
2Wρ21 W2ρ22
)
, (72)
where W = W1 + W2 is the transition rate for the population that for the coherence density matrix elements is
W/2 . In the presence of a static external magnetic field B0, the transition rates are W1 = exp(−µNB0/2T ) and
W2 = exp(µNB0/2T ) [16].
The basis for the nucleon directions are taken to be
kˆ = (cosφ0 sin θ0, sinφ0 sin θ0, cos θ0) , (73)
pˆ = (cosφ sin θ, sinφ sin θ, cos θ) . (74)
We now take the integrations over p and q and find the time evolution of ζ
(N)
i parameters as follows
ζ˙(N)x (k) = −q2fq2N
{
1
8piMN
[ |k|
4M2N
cos 2φ0
(
cot2 θ0 − cos 2φ0
)
+
1
|k|
T
mf
cos 2φ0
sin2 θ0
]
nf (x)
W
2
ζ(N)x (k)
+
1
32pi
|k|
M3N
cot θ0 cos 2φ0 cosφ0nf (x)W (ζ
(N)
z (k)− ζ(N)eq )
}
, (75)
ζ˙(N)y (k) = −q2fq2N
{
1
8piMN
[ |k|
4M2N
cos 2φ0
(
cot2 θ0 − cos 2φ0
)
+
1
|k|
T
mf
sinφ0
cos 2φ0
sin2 θ0
]
nf (x)
W
2
ζ(N)y (k)
+
1
32pi
|k|
M3N
cot θ0 cos 2φ0 sinφ0nf (x)W (ζ
(N)
z (k)− ζ(N)eq )
}
, (76)
ζ˙(N)z (k) = q
2
fq
2
N
|k|
32piM3N
nf (x)
W
2
cos 2φ0 cot θ0
[
− cosφ0ζ(N)x (k) + sinφ0ζ(N)y (k)
]
, (77)
where ζ
(N)
eq = (W1 −W2)/W and nf (x) is the number density of the surrounding fermions that is given by∫
d3q
(2pi)3
nf (x,q) = nf (x) . (78)
Note that all the terms proportional to the inverse of |k| are generated from the second integration in equation (70).
The kˆ-dependence of ζi is canceled by taking the integration of all directions kˆ in equations (75)-(77). In this case,
all terms proportional to |k| are removed. We are interested in the time evolution equations of the magnetizations
M
(N)
i , so that using the relation (44) we can rewrite equations (75)-(77) in terms of magnetization of the system
M˙ (N)x =
q2fq
2
N
16piM2N
√
T
2piMN
nf (x)
W
2
M (N)x , (79)
M˙ (N)y =
q2fq
2
N
16piM2N
√
T
2piMN
nf (x)
W
2
M (N)y . (80)
M˙ (N)z = 0 , (81)
where here we have ignored the forward scattering terms. As we will see in the next sections, the spin-spin interaction
will produce a larger negative sign. Combining the effects of spin-spin and spin-orbit interactions lead to effective
transverse relaxation. Moreover, the right-hand side of equation (81) vanishes that implies that spin-orbit interaction
doesn’t generate longitudinal relaxation.
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B. Spin-spin interaction
Here, we focus on the spin-spin interaction of nucleon and surrounding fermions and calculate its corresponding
collision term (65). SubstitutingHspin-spin in (65), using the expectation values (51) and (52) and taking the integration
over p′ and q′ the spin-spin collision term becomes
Cspin-spinij (k, t) =
−q2fq2N
1
16
(2pi)4δ3(0)
∫
dqdp
mf
E(−k+ p+ q)δ
(
E(−k+ p+ q) + k0 − E(q)− E(p))Mspin-spin(1)Mspin-spin(2)
×
{
δs1s′2ns′1s2(q)δr1r′2
[
δir2ρ
(N)
r′1j
(k) + δjr′1ρ
(N)
ir2
(k)
]
− 2δs2s′1ns′2s1(−k+ p+ q)δir2δjr′1ρ
(N)
r′2r1
(p, t)
}
, (82)
where the matrix elements are evaluated as in the following from
Mspin-spin(1)Mspin-spin(2) =
q2fq
2
N
162m2fM
2
N |Q˜|4
{[
χ∗r′1Q˜ · σχr1
] [
χ∗s′1Q˜ · σχs1
] [
χ∗r′2Q˜ · σχr2
] [
χ∗s′2Q˜ · σχs2
]
− |Q˜|2
[
χ∗r′1Q˜ · σχr1
] [
χ∗s′1Q˜ · σχs1
] [
χ∗r′2σmχr2
] [
χ∗s′2σmχs2
]
− |Q˜|2
[
χ∗r′1σmχr1
] [
χ∗s′1σmχs1
] [
χ∗r′2Q˜ · σχr2
] [
χ∗s′2Q˜ · σχs2
]
+ |Q˜|4
[
χ∗r′1σχr1
] [
χ∗s′1σmχs1
] [
χ∗r′2σχr2
] [
χ∗s′2σmχs2
]}
. (83)
In the following, we will investigate the contributions of the first term and the other three remaining terms of (83) in
the scattering terms separately. Substituting the above result in (82) and taking the integration over q and p yields
ρ˙
(N)
ij =
−q2fq2N
pi
8m2fM
2
N
∫
dqdpδ (E(k)− E(p))
{
nf (q)ρ
(N)
ij (k)−
1
|Q˜|2
nf (q+ p− k)
∑
rr′
[
χ∗jQ˜ · σNχr
] [
χ∗r′Q˜ · σNχi
]
ρ
(N)
r′r (p)
}
+ q2fq
2
N
pi
8m2fM
2
N
∫
dqdpδ (E (k)− E(p))
{
2nf (q)ρ
(N)
ij (k) + nf (q+ p− k)
∑
rr′
[[
χ∗jσNnχr
]
[χ∗r′σNnχi] ρ
(N)
r′r (p)
− 2 1
|Q˜|2
[
χ∗jQ˜ · σNχr
] [
χ∗r′Q˜ · σNχi
]
ρ
(N)
r′r (p)
]}
, (84)
in which the first integration includes the contribution of the first term of (83), and the second integration consists
of the other three terms. Now We find the Bloch equations associated with the first integrations in eq.(84). The
procedure is similar to the previous section. We first obtain the evolution of Stokes parameters ζi and then find the
Bloch equations by integrating over momentum k. In the end, using the relation (44) we find
M˙ (N)x = −
q2fq
2
N
4pim2f
√
T
2piMN
nf (x)
W
2
M (N)x , (85)
M˙ (N)y = −
q2fq
2
N
4pim2f
√
T
2piMN
nf (x)
W
2
M (N)y , (86)
M˙ (N)z = −
q2fq
2
N
4pim2f
√
T
2piMN
nf (x)W
[
M (N)z −M (N)eq
]
, (87)
where Meq = gN
qN
2MN
ζeq is the magnetization in thermal equilibrium. For a magnetic field B0 aligned in z-direction
and in the limit that kBT  gNqN2MN B0, we have
M (N)eq = N
(
gNqN
2MN
)2
B0
T
. (88)
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Therefore, the contribution of the first term of equation (83), leads to the transverse and the longitudinal relaxations.
The contribution of the remaining three terms of matrix density in (83) leads to the following equations
M˙ (N)x = −
q2fq
2
N
2pim2f
√
T
2piMN
nf (x)
W
2
M (N)x
(89)
M˙ (N)y = −
q2fq
2
N
2pim2f
√
T
2piMN
nf (x)
W
2
M (N)y
(90)
M˙ (N)z = 0 . (91)
As a result, the contributions of theses terms don’t generate the longitudinal relaxation. In the following section, we
will derive the relaxation times due to spin-orbit and spin-spin interactions.
V. DISCUSSION ON RELAXATION AND DECOHERENCE TIMES
The general Bloch equation’s main feature is that the spin relaxation processes’ effect is described in terms of two
real parameters: relaxation time T1 and de-phasing time T2. As we discussed above, the spin relaxations of a system
of nucleons can be extracted using the approach of QBE and the interaction of nucleons with surrounding fermions.
We separated the spin-spin and spin-orbit interactions to keep track of the parameters’ physical nature T1 and T2.
We have investigated only the spin-spin interaction for the nucleon system could produce longitudinal relaxation.
However, both interactions cause transverse relaxation.
We start with the longitudinal relaxation time T1 responsible for the relaxation of the polarization matrix’s diagonal
elements. Our analysis’s new feature is that all terms arising from the spin-orbit interaction eventually eliminate each
other. The only non-vanishing contribution is due to the spin-spin interaction and the first term of (83). Comparing
equation (87) with the phenomenological equation (43), we can read T1 as in the following form
1
T1
=
q2fq
2
N
2pim2f
√
T
2piMN
nf (x) . (92)
By definition, spin de-phasing refers to the phenomena that tend to destroy the polarization matrix’s off-diagonal
elements. To read the de-phasing time T2 we must first combine the equations (79)-(81) due to the spin-orbit
interaction and also equations (85) - (91) that are due to the spin-spin interactions. It is also conventional to introduce
the pure de-phasing time Tϕ that is due to those interaction terms that do not change the diagonal components of
the polarization matrix. As a result, the total de-phasing time is given by [16]
1
T2
=
1
2T1
+
1
Tϕ
. (93)
Using these simple formulas the magnitude of T1 and T2 can be easily estimated. For the case of He3 gaseous when
spin-spin interactions are dominating, one for a typical sample with the density nf = 10
21cm−3 and T = 4.2◦K
[22] we get T1 ' 103s . These results are not completely equal by experimental results, because of other factors
like environmental impacts and other interactions. The resulting relaxation times indicate a slow relaxation that
is convenient in monatomic gases [2, 22]. In summary, it is only one term due to the spin-spin interaction that
produces longitudinal relaxation. However, both spin-spin and spin-orbit interactions lead to transverse relaxation.
The relaxation times that are calculated due to these interactions are in the same order.
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FIG. 4: The Feynman diagram for a fermion with an axion field.
Appendix A: Interaction with axion background
In this appendix, consider the forward scattering of the nucleon from the time-dependent axion field and use the
QBE (10) to re-derive the equation of motion of Bloch vector. A large field occupation number of axion of the low
momentum modes can act as a classical background field oscillating at a frequency ωa equal to its mass ma [23]. The
coupling of the classical axion field to nuclear or electronic spin gives rise to a precession of the spin [24] that can
change the magnetization of a sample of the material with a large number of spins.
Interactions of the axion field a(x) generates a potential energy density m2aa
2(x)/2, where ma is the axion mass.
Oscillations of this field from the minimum of this potential cause the Compton frequency of axion field as ωa = ma.
It is also known that the axion field behaves as a periodic classical background due to its large occupation number.
Therefore, it is assumed that the axion field has a gradient as
a(x, t) = a0A(x) cos(ωat) , (A1)
where a0 is the amplitude of field with the dimension of energy, A(x) is a dimensionless non-singular position-
dependent. Now, we assume a system of nucleons interacting with this oscillating background field. Possible coupling
of the nucleon with axion is in the following form [25]
Lint = ga∂µaψ¯Nγµγ5ψN , (A2)
where gN is the interaction coupling constant. Feynman diagram of the interaction for a fermion with axion is shown
in Figure (4). Using equation (9) we can find the effective interaction Hamiltonian H0int that describes this process.
After plugging the Fourier transforms of the nucleon field in H0int we have
H0int = −ga
∫
d3x
∫
dp
∫
dp′∂µa(x) u¯r′(p′)γµγ5ur(p)b
†
r′(p
′)br(p)ei(p
′−p)·x . (A3)
Using the following Gordon identity [26]
u¯r′(p
′)γµγ5ur(p) =
1
2MN
u¯r′(p
′)
[
(p′ − p)µγ5 + iσµν(p+ p′)νγ5
]
ur(p) , (A4)
and assuming that nucleon is in the rest mass frame, we get
H0int = −ga
∫
d3x
∫
dp
∫
dp′∂ia u¯r′(p′)iσi0ur(p)b
†
r′(p
′)br(p) . (A5)
Inserting the above result into the forward scattering term of QBE (10) and taking the integration over momenta, we
find
ρ˙
(N)
ij = ga a0 χ
T
r′ 〈∇A〉 · σ χr cos(ωat)
(
δriρ
(N)
r′j − δjr′ρ(N)ir
)
(A6)
where 〈∇A〉 denotes the average of the gradient term as
〈∇A〉 = 1
V
∫
d3x∇A . (A7)
This expression can be correspond to localized lumps of the axion field (commonly known as soliton) held together
by their self-interaction. This comprehensive solution represents a stable configuration with a non-vanishing averaged
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gradient. The motion of the Earth through the galaxy leads to a relative velocity known as axion ”wind” between it
and this configuration. We can define an effective oscillating magnetic field induced by axion field as
Ga =
ga
µf
a0 〈∇A〉 . (A8)
For a scalar field theory in the vacuum state one can generally write a0 =
√
2ρa
ma
where ρa is the energy density of
axion. Therefore, the equation (A6) can be expressed as spin-magnetic field interaction described in the previous
section. We also consider an external constant magnetic field B0 and hence
ρ˙
(N)
ij = χ
T
r′µN χr · (Ga cos(ωat) +B0)
(
δriρ
(N)
r′j − δjr′ρ(N)ir
)
. (A9)
Using this equation one can find the time evolution of Bloch vectors. To this end and in order to use NMR techniques,
we assume the initial condition ζ(N)(0) = (0, 0, 1) , and align the external magnetic field B0 in this direction. The
direction of Ga is in any direction that is not collinear with ζ
(N)(0). Here, we assume that Ga = Gaxˆ. With these
conditions, the Boltzmann equation is given by
ζ˙(N)x = −2ωL ζ(N)y , (A10)
ζ˙(N)y = 2ωLζ
(N)
x − 2ωR cosωat ζ(N)z , (A11)
ζ˙(N)z = 2ωR cosωat ζ
(N)
y , (A12)
where ωL = µNB0 and ωR = µfGa. Much like the NMR effect described above, the current coupling will cause spin
precession of a fermion around the local direction of Ga as long as the fermion spin is not aligned with it.
Appendix B: Interaction with neutrino
As another example, we calculate the effect of nucleon-neutrino forward scattering on the Bloch vector’s evolution.
Neutrino interacts weakly with nucleons in the framework of the standard model of particle physics. The two lowest-
order Feynman diagrams for the process n + ν → n + ν are shown in Fig. (5). The left diagram is the t−channel
charged current scattering process mediated by W particle exchange, and the right diagram shows the t-channel
neutral current scattering process mediated by Z particle exchange. We can write the S-matrix element for this
process and then find the interaction Hamiltonian using the equation (9). In general, the interaction Hamiltonian
describing this process is given in the following form
Hint(t) =
∫
dqdq′dpdp′(2pi)3δ3(q′ + p′ − q− p) exp[it(q′0 + p′0 − q0 − p0)]
×[d†r′(q′)b†s′(p′)M(n(s, p) + ν(r, q)→ n(s′, p′) + ν(r′, q′)) bs(p)dr(q)] , (B1)
where M is the scattering matrix element and dr(q) and d†r(q) are the neutrino annihilation and creation operators,
respectively. One can also write the following expectation value
〈d†r′(q′)dr(q)〉 = (2pi)3q0δ3(q− q′)δrr′
1
2
nν(x,q) , (B2)
where nν(x,q) is the number density of neutrinos of momentum q per unit volume. The matrix element associated
with the W -exchange diagram is given by
M(ps, p′s′, qr, q′r′) = −m
2
WGF√
2
[
u¯s′(p
′)γµ(1− γ5)ur(q) gµν + (q − p
′)µ(q′ − p)ν/m2W
(q′ − p)2 −m2W
u¯r′(q
′)γν(1− γ5)us(p)
]
,
(B3)
where GF is Fermi constant, us,s′ are the nucleon spinors and ur,r′ are the neutrino spinors. Substituting this matrix
element in the forward scattering term of the equation (10), we find
k0
MN
dρ
(N)
ij (k)
dt
= −i GF
2
√
2
∫
dqnν(x,q)
(
δisρ
(N)
s′j − δjs′ρ(N)is
) [
u¯s′(k)γµ(1− γ5)ur(q)u¯r(q)γν(1− γ5)us(k)
]
, (B4)
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FIG. 5: The weak interaction Feynman diagrams for nucleon-neutrino forward scattering.
The neutrino spinor is defined according to its helicity in the ultra-relativistic limit [27]. Using these helicity states,
one can show by some straightforward calculations that the right-hand side of equation (B4) vanishes. Therefore, the
W -exchange diagram has no contribution to the evolution of the Bloch vector.
We now turn to the Z-exchange diagram. In the low energy limit, the scattering matrix element is given by
M(ps, p′s′, qr, q′r′) = GF
4
√
2
[
u¯r′(q
′)γµ(1− γ5)ur(q)
] [
u¯s′(p
′)γµ(cV − cAγ5)us(p)
]
. (B5)
where cV and cA are vector and axial-vector couplings. We now substitute this expression in equation (10) and using
this fact that for neutrinos ∑
r
u¯r(q)γ
µ(1− γ5)ur(q) = 2qµ , (B6)
we find the time evolution of polarization matrix as
k0
MN
dρ
(N)
ij (k)
dt
= i
GF
4
√
2
∫
dqnν(x,q)
(
δisρ
(N)
s′j − δjs′ρ(N)is
)
qµ
[
u¯s′(p
′)γµ(cV − cAγ5)us(p)
]
. (B7)
To proceed, we define the average neutrino momentum as [28]
q¯nν(x) =
∫
d3q
(2pi)3
qnν(x,q) , (B8)
where
nν(x) =
∫
d3q
(2pi)3
nν(x,q) . (B9)
Therefore, the time evolution of fermion polarizations is simplified as
ζ˙(N)x = −
GF√
2
|cA|nν(x)
Eν
[
q¯zζ
(N)
y + q¯2ζ
(N)
z
]
, (B10)
ζ˙(N)y =
GF√
2
|cA|nν(x)
Eν
[
q¯zζ
(N)
x − q¯1ζ(N)z
]
, (B11)
ζ˙(N)z =
GF√
2
|cA|nν(x)
Eν
[
q¯xζ
(N)
y + q¯2ζ
(N)
x
]
. (B12)
In vector notation, one can write [29]
d
dt
ζ(N) = µN ζ
(N) ×Geff , (B13)
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where
Geff = |cA|GF√
2
nν(x)
Eν
1
µN
(−q¯1, q¯2,−q¯3) . (B14)
Physically in (B13), the Stokes parameters of Nuclei effectively experience a static effective gradient field Geff. Al-
though there is no external magnetic field to use NMR technic, the existence of an effective magnetic field can be
verified by probing Bloch vectors’ time derivation.
In the same manner, one can find the coherent torque exerted on the spinning fermions of a polarized medium due
to forward scattering with neutrino [30]. For N fermion magnetic the magnetic moment per unit volume is m = Nµ
[31, 32]. For this system, the magnetic torque is given by
τ = Nµ×Geff . (B15)
where τ as a time evolution of angular momentum is
τ = −NgN d
dt
〈S〉 = −N d
dt
ζ(N) . (B16)
Combining (B16) and the magnetic torque relation (B15) and comparison with equations (B10)-(B12) one can cheque
the consistency of magnetic torque equation and (B13).
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